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Abstract 

Jacobi's elliptic integrals and elliptic functions arise naturally from the Schwarz- 
Christoffel conformal transformation of the upper half plane onto a rectangle. In 
this paper we study generalized elliptic integrals which arise from the analogous 
mapping of the upper half plane onto a quadrilateral and obtain sharp mono- 
tonicity and convexity properties for certain combinations of these integrals, thus 
generalizing analogous well-known results for classical conformal capacity and qua- 
siconformal distortion functions. An algorithm for the computation of the modulus 
of the quadrilateral is given. 



2000 Mathematics Subject Classification: Primary 33B15, 33C05, Secondary 
30C62. 



1 Introduction 

Given complex numbers a, b, and c with c ^ 0, —1, —2, . . ., the Gaussian hypergeometric 
function is the analytic continuation to the slit plane C \ [1, oo) of the series 

(1.1) F(a, b; c; z) = 2 F x {a, b; c;z) = J2 ~ 4 , 1*1 < 1 ■ 

' (c } n) n\ 



n=0 



Here (a, 0) = 1 for a ^ 0, and (a, n) is the shifted factorial function or the Appell symbol 

(a, n) = a(a + l)(a + 2) • • • (a + n — 1) 
for n G N \ {0}, where N = {0, 1,2,.. .}. 



' Author supported by the Magnus Ehrnrooth fund of the Finnish Academy of Science and Letters. 
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A generalized modular equation of order (or degree) p > is 



(12) F(a : b;c;l-s 2 ) _ F(a, 6; c; 1 - r 2 ) 

{ ' F{a,b;c; S 2) ~ P F(a, 6; c; r 2 ) ' u<r<i - 

Sometimes we just call this an (a, b, c)-modular equation of order p and we usually assume 
that a, b, c > with a + b > c, in which case this equation uniquely defines s, see Lemma 

EE 

Many particular cases of (11.21) have been studied in the literature on both analytic 
number theory and geometric function theory, [Be] . [BB] . |BBG] . |AVV] . |AQVV| , |LVj . 
The classical case (a, b, c) = (|, |, 1) was studied already by Jacobi and many others in the 
nineteenth century, see [Be]. In 1995 B. Berndt, S. Bhargava, and F. Garvan published 
an important paper [BEG] in which they studied the case (a, b, c) = (a, 1 — a, 1) and 
p an integer. For several rational values of a such as a = |, |, | and integers p (e.g. 
p = 2, 3, 5, 7, 11, ...) they were able to give proofs for numerous algebraic identities stated 
by Ramanujan in his unpublished notebooks. These identities involve r and s from (11.21) . 
After the publication of [BBGJ many papers have appeared on modular equations, see 
e.g. |AQVV| , jEi], PH], |Q|, and 0- 



To rewrite (11.21) in a slightly shorter form, we use the decreasing homeomorphism 
Ha,b,c ■ (0, 1) -> (0, oo), defined by 

/i q\ / s S(a,6) F(a,b;c;r' 2 ) , . 

(L3) ^' c(r) = 2 FM;c;r 2 ) ' ^ ' X ) 

for a, 6, c > 0, a + b > c, where B is the beta function, see (13.51) below. We call ii a ,b,c the 
generalized modulus, cf. |LV[ (2.2)]. We can now write (11.21) as 

(1.4) Va,b,c( S ) = Pl^a,b,c( r ) > < r < 1 . 

With p — 1/K, K > 0, the solution of (11.21) is then given by 
(1-5) s = # c (r) = VaAc(^A r )/ K ) ■ 



We call y?^- ,c the (a, 6, c)-modular function with degree p = 1/K [BBGj . |AQVV[ (1.5)]. 
In the case a < c we also use the notation 



a,c a,c—a,c 



f^a,c — f^a,c—a,c j — 

For < a < min{c, 1} and 0<6<c<a + 6, define the generalized complete elliptic 
integrals of the first and second kinds (cf. |AQVV[ (1.9), (1.10), (1.3), and (1.5)]) on [0, 1] 
by 

(1.6) X = X a ,b,c = X aA c(r) = ^^-F(a, b; c; r 2 ) , 

(1-7) £ = £a,6,c = W) = ^^F(a - 1, b; c; r 2 ) , 

(1-8) 3C = X' , = 3C a , 6>c (r') , and £' = £' = £ a , 6 , c (r') 
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for r £ (0, 1), r' — \J\ — r 2 . The end values are defined by limits as r tends to 0+ and 
1 — , respectively. In particular, we denote % a , c = ^a,c-a,c and £ aiC = £ a , c -a,c • Thus, by 
(ET31) below, 

cy c B(a,b) 

•K-a,b,c{0) = £ o ,&,c(0) = 

and 

m l B(a,b)B(c,c + l-a-b) 
£flAc(1) ~ 2 fi(c+l-a,c-6) ' Xa ' v(1) " °° • 

Note that the restrictions on a, b and c ensure that the function % a ^,c is increasing and 
unbounded whereas £ a ,&, c is decreasing and bounded, as in the classical case a = b = 
~,c = 1. Note also that our terminology differs from that of |BBl Section 5.5], where 
generalized elliptic integrals refer to the particular case c = 1. 

In this paper we study the modular function (p°^ b ' c and the generalized modulus n a ,b,c 
as well as the generalized elliptic integrals % a ,b,c and £ a ,&, c - In the case b — 1 — a, c — 1, 
these functions coincide with the special cases tp a Kl fi a , % a , and £ a which were studied in 

|5qw| . 

In Section [2] we construct a conformal mapping from a quadrilateral with internal 
angles bn, (c — b)n, (1 — a)7r, and (1 — c + a)7r onto the upper half plane. We denote 
this mapping by sn a f))C . If b = 1 — a and c = 1, this mapping reduces to the generalized 
elliptic sine function sn a in |AQ VV , 2.1]. We given an algorithm for the computation of 

the conformal modulus of a quadrilateral and its implementation in the Mathematica® 
language. In a later work, we study the dependence of the modulus on the geometry of 
the quadrilateral, [DVj . |RVj . 

In Section [3] we recall some basic properties of the hyper geometric, gamma, and beta 
functions, that are used in the sequel. 

Section H] contains our main results: differentiation formulas and monotone proper- 
ties of the generalized elliptic integrals and of several combinations of these functions. 
Theorems 14. 3l and l4. 41 which provide sufficient conditions for the quotients of two Maclau- 
rin series to be monotone increasing, seem to be of independent interest and, as far as 
we know, these results are new. Also a similar result is given for the quotient of two 
polynomials of the same degree. 

The special functions % a ,b,c, Ha,b,c and quotients of hypergeometric functions are presently 
studied very intensively. The manuscript [ HLVVj is a direct continuation of this work 
and for some particular parameter triples (a, b, c) there are very recent results by many 
authors [Hl]-[B4j, [KS], |WZQC| , [ZWC] . 

Throughout this paper we denote r' = yl — r 2 whenever r £ (0,1). The standard 
symbols C, R, Z, and N denote the sets of complex numbers, real numbers, integers, and 
natural numbers (with zero included), respectively. 



2 The Schwarz-Christoffel map onto a quadrilateral 

For < a, b < l,max{a + 6, 1} < c < min{a, b} + 1, r e (0,1), let g r (t) = t 6_1 (l - 
t)°~ (1 — r 2 t)~ a , f G C, Imt > 0, denote the analytic branch for which the argument 
of each of the factors t, 1 — t, and 1 — r 2 t is tc whenever it is real and negative. Denote 
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C = C(b,c) = 1/5(6, c — 6). We define the generalized Jacobi sine function sn a ^ c (w) 
sn a ^ c (w, r) as the inverse of the function / given on the closed upper half plane by 



W = f(z) = f a ,b,c( Z ) = C / 9r(t)dt 

Jo 

[2.1) = c f t b -\i-t) c - b - l (i-rHy a dt 



= e ^+^-^Cr' 2a / t b -\t - l) c - b -\t - l/r^-^dt. 
Jo 

Recall the Euler integral representation [AARl Theorem 2.2.1] \AS\ 15.3.1] 
(2.2) F(a, 6; c; z) = T{b ^_ b) J ^(l " t) M (l - tz)~ a dt 

= c(b, c ) e <(-+w-i-"V f t b -\t - \y- b -\tz - iy a dt 



for Re c> Re b > and z G C \ {u G R | u > 1}. 

The next result is well-known, but for the sake of completeness a proof is given. 
As general references concerning the Schwarz-Christoffel mapping [M] and [N] may be 
mentioned. 



2.3. Proposition. The Schwarz-Christoffel mapping of the upper half plane H onto 
a quadrilateral with turning angles fikft at the vertices G R is 

f z dz 4 

W = F{Z) = L -i<A<i.EA = 2. 

where are the points on the real axis that F maps to the four vertices of the quadrilat- 
eral. 

Proof. As in [N] pp. 192-193] let T : H -> C/ be the Mobius transformation T(^) = 
(2 — i)/(z + z) , where U is the unit disk {z : |#| < 1}. Then f(z) = F(T~ l (z)) maps U 
onto the quadrilateral Q and 

dw 

nLi(^-C*) A ' 

where Cfc are the points on the unit circle that map onto the four vertices of the quadri- 
lateral Q. Now 

cno f fl c f , i + ac 
/'(O tt (c-c») fcTi-ac 

and recalling that the sum to 2 we have that 

chc) _ if fl i + ac 

/'(C) 
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For all points £ £ U 



~i»m-ip»{m-i£>£&»- 

This proves that / maps U bijectively onto a convex domain, since Re {l+C/"(C)//'(0} > 
is a necessary and sufficient condition for this to be true, see [Nj Ex. 5, p. 224]. □ 




Figure 1: The image quadrilateral and the image of a grid under the mapping / a b c with 
a = 0.2,6 = 0.3, c= 1.0, r = 0.7 



2.4. Theorem. Let H denote the closed upper half-plane {z £ C | Imz > 0} and let 
< a, b < l,max{a + b, 1} < c < 1 + min{a,6} ; r £ (0, 1). Then the function f in $2.1\) 
is a homeomorphism of H onto the quadrilateral Q with vertices 

/(0) = 0, /(l) = F(a,6;c;r 2 ), 

f(l/r 2 ) = /(I) + tM^ e ^-^) f(c _ c _ 6 c + ! _ a _ b . r * } 
B(o, c — b) 

and 

/(oo) = /(1/r 2 ) + £(1 ~ a, a + 1 ~ c) et(Q+fc+1 _ c ) v2(1 _ c)/2(c - Q - fe ) F(1 _ x _ Q 2 _ r2) 

ij(6, c — b) 

and interior angles bjr, (c — 6)7r, (1 — a)7r and (a + 1 — c)7r, respectively, at these vertices. 
It is conformal in the interior of H. 
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Proof. It is clear that f(0) = and by Q /(I) = F(a, b; c; r 2 ). Next we evaluate 
/(1/r 2 ) = C C h g r (t)dt 



-1 rl/r 2 

C I g r (t)dt + C / g r (t)dt 



= F(a,b;c;r 2 ) + C j g r (t)dt . 

To evaluate the second integral above, we make the change of variable t = 1/(1 — r' 2 u) 
for which dt — (1 — r' 2 u)~ 2 r' 2 du. We observe that this change of variable is simply the 
restriction to reals of the plane Mobius transformation taking the ordered triple (1, 1/r 2 , 0) 
onto the ordered triple (0, 1, oo). Then 

g r (t)dt = (l-r'\) l - b (l--\-) C 1 fl--J^- r ) \l-r'\)- 2 r' 2 du 

\ 1 — r u J \ 1 — r u J 

= (-1)6+1-0^2(^-6)^6-1^ _ u y a{l _ r >\y~c du 
= e (6+l- c ) i7 r r /2(c-a-6) iiC -6_l^ _ ^_ a ^ _ ^a-c^ 

and by (12.21) we get 

C gMdt = e (fe+l-^ V 2(c-a^) r(c) /- 1 M c-6-l (l _ u )-«(l_ r '\)a-^ w 

A r(6)r(c-6)y 



(6+l-c)i7r /2(c-o-6) 



r(c) r(c-6)r(i-a) 



e (6+l- C )i7r r 2(l-c) r /2(c-a- 



r(6)r(c-6) r(c+l-a-6) 
■F(c — a,c — 6;c+l — a — 6; r' 2 ) 

= tM^) e (6 + l-c)i V 2(c-a- 6)jP(c _ c _ ft c + j _ a _ 6 r/2) 

±5(0, c — o) 
B(c-b,l-a) 

5(6, c- 6) 
•F(l - a, 1 - 6; c + 1 - a - 6; r' 2 ) , 

where the last expression follows from (13.91) below. Hence /(1/r 2 ) has the value claimed. 
We proceed to evaluate the remaining value, namely 

poo /"l/ 1 " 2 r°° 

/(oo) =C g r (t)dt = C g r (t)dt + C g r (t)dt . 

JO JO Jl/r 2 

The first integral above equals /(1/r 2 ). To compute the second one, we apply the change 
of variable t — (1 — r 2 r)/(r 2 (l — v)). We observe that this change of variable is simply 
the restriction to reals of the plane Mobius transformation taking the ordered triple 
(1/r 2 , oo, 1) onto the ordered triple (0, 1, oo). Then dt = (1 — r 2 )/(r 2 (l — v) 2 )dv, t = 1/r 2 
gives v — 0, and t = oo gives v — 1. We get 

/ 1 2 \ b— 1 / i 2 \ c— b— 1 

. . / 1 — r z r> \ / 1 — r^v x 

r (t)dt = -=7- r 1- 



r 2 (l — v) J \ r 2 (l — v) 
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r 2 (l — r 2 v)\ a f 1 — r 



2 

dv 



r 2 (l — v ) J \r 2 (l — v) 2 
= r 2(i+a-6+6+i)(! _ v y-c(\ _ r 2 ^)^ 1 ^ 2 - l) c - b -\r 2 {r 2 - l)v)- a (l - r 2 )dv 

so that 

/*oo pi 

C / ^ r (t)d* = (_i)^+i-V 2(c " a " b) r 2 ( 1 - c )C / v- a (l - v) a -%l - T^vf-Hv 



a+b+l-c^c-a-b) 2(l-c) -5(1 ~ A, 1 + A ~ c) 



•F(l-6,l-o;2-c; r 2 ) . 

The claimed value for /(oo) follows. 

It follows from the formula (12. lft that (see e.g. [Ml PP- 128-134]) / is a Schwarz- 
Christoffel transformation which maps H onto a quadrilateral Q with vertices /(O), /(l), 
/(1/r 2 ), and /(oo) and interior angles &7r, (c — 6)7r, (1 — a)ir, and (1 — c + a)7r in coun- 
terclockwise order. By Proposition 12.31 / is univalent. □ 



2.5. Corollary. Let < a, b < l,max{a + b, 1} < c < 1 + min{a, 6} ; and let Q 

be a quadrilateral in the upper half plane with vertices 0, 1, A and B, the interior angles 
at which are, respectively, bir, (c — b)n, (1 — a)ir and (1 + a — c)tt. Then the conformal 
modulus of Q (cf. ILVp is given by 

mod(Q) = X(r')/X(r), 

where r G (0, 1) satisfies the equation 

(2.6) A—l— Lr ' 2(C ~ a ~ b) nc -a, c- 6; c + 1 - a - 6; = 

v ; F(a,6;c;r 2 ) v ; ' 



say, and 



B(b,c-b) 



e (b+l-c)i7r 



Proof. Clearly, arg(A-l) = (6 + 1-c)tt = arg(L). Since G(0) = oo and = 0, 
it follows that a unique solution r G (0, 1) of equation ( 12. 6j) exists. Let / be as in 
Theorem 12.41 and let g = ///(l). Then g maps the upper half plane H onto Q, with 
g(0) = 0, g(l) = 1, g{l/r 2 ) = A, and <?(oo) = B. The function h = sn _1 maps the first 
quadrant conformally |Boj onto the standard rectangle R, with h(0) = 0, h(l) = 3C(r), 
h(l/r) = %(r) + iX(r'), and h(oo) = i%(r'). Hence the function k = h( y J) maps H 
conformally onto R. Thus, by conformal invariance, mod(Q) = X(r')/X(r). □ 



2.7. Remark. (1) The quadrilateral Q in Theorem 12.41 reduces to a trapezoid if and 
only if c = 1 or c = a + b, to a parallelogram if and only if c = 1 = a + b, |AQVV| and to 
a rectangle (the classical case) if and only if a = b = \ and c = 1, |Boj . 

(2) The hypotheses in Corollary 12. 51 imposed on the triple a, b, c imply that the quadri- 
lateral Q is convex. 



7 



2.8. Remark. Bowman [Bol pp. 103-104] gives a formula for the conformal modulus 
of the quadrilateral with vertices 0,1,1 + hi, and (h — l)i when h > 1 as q = %{r) /%{r') 
where 

-fi^)'- *'="-'©■ ^""'(t)- "= a - 1 - 

Therefore, the quadrilateral can be conformally mapped onto the rectangle 0, 1, 1 + qi, 
qi with vertices corresponding. 



2.9. Computational discovery. We have written a Mathematical function that 
computes the modulus of the quadrilateral with vertices at 0,1, A, B where 1mA > 
0,lmi? > 0. This led to the following discovery for symmetric quadrilaterals: 

(2.10) If \B\ = 1 and 2argA = arg£>, then the modulus is equal to 1 . 

It is not difficult to prove this analytically (see e.g. [Hen} p. 433] or [Her]). The following 
figure illuminates the variation of the modulus of the quadrilateral with vertices 0, 1, x + 
iy,i in the first quadrant. 




Figure 2: Modulus of the quadrilateral with vertices 0, 1, x + iy, i and the line (x, x, 1). 



2.11. Duplication formula for quadrilateral modulus. For the sake of convenient 
notation, denote by QM(a, b, c, d) the modulus of the polygon with vertices a, b, c, d. That 
is, QM(a, b, c,d) = q if and only if there exists a conformal map of the polygon onto the 
rectangle with vertices 1 + iq,iq, 0, 1 such that the vertices correspond. Clearly QM(1 + 
iq, iq, 0, 1) = q. Remark 12.81 gives now an explicit formula for QM(1 + ih, i(h — 1), 0, 1) 
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when h > 1. (By the way, it seems likely that QM(1 + ih, i(h — 1), 0, 1) e [h — 1, /i].) By 
(I2.10p we see that QM(te* 7r/ ' 4 , i, 0, 1) = 1 for all t > and it is clear by symmetry that 

QM(te i{7r/4 - a) , i, 0, 1) = l/QM(te i(7r/4+a) , i, 0, 1) 

for all a G (0, 7r/4) and all t > 0. From |AQW , Corollary 2.3] we have an expression for 
the parallelogram case QM(1 + re ta , re ia , 0, 1). 

We are not familiar with cases other than those mentioned above where the values of 
QM(a, b, c, d) could be expressed in reasonably simple form. Therefore it might be of some 
interest to record a duplication formula for QM(a, b, c, d) which follows from an elementary 
symmetry consideration. To this end, let h, k > and consider the quadrilaterals (1 + 
ih, ik, —ik, 1 — ih) and (1 + ih, ik, 0, 1). It is clear by symmetry that 

QM(1 + ih, ik, -ik, 1 - ih) = 2QM(1 + ih, ik, 0, 1) . 

We now use the invariance of QM(a, b, c, d) under homotheties to express this result in a 
simpler form. Choose a homothety T(z) = az + b with T(—ik) = 0, T(l — ih) = 1. Then 
a — l/c,b = ik/c with c = 1 + i(k — h). Because 

T(l + ih) = (1 + i{h + k))/c , T(ik) = 2ik/c , T(-ik) = , and T(l - ih) = 1 , 

we have for h, k > 0, c = 1 + i(k — h) that 

(2.12) QM((1 + i(h + k))/c, 2ik/c, 0, 1) = 2QM(1 + ih, ik, 0, 1) . 



m \ n 


1 


2 


3 


4 


5 


1 


1.000000 


1.279261 


1.354244 


1.383086 


1.397799 


2 


0.781700 


1.000000 


1.127663 


1.201627 


1.248066 


3 


0.738419 


0.886789 


1.000000 


1.080783 


1.138566 


4 


0.723020 


0.832204 


0.925254 


1.000000 


1.058739 


5 


0.715410 


0.801239 


0.878297 


0.944519 


1.000000 



Table 1: Numerical values of QM(m + in, i, 0, 1) for m,n = 1, . . . , 5. The values have 
been truncated to six decimal places 

Below we give a Mathematica® program for the computation of QM(A, B, 0, 1). This 
program computes in fact the values given in the attached table. 

(*FILE: qm4hvv.m begins 2007-03-18 *) 
(* USAGE: «qm4hvv.m *) 

H2F1 [a_,b_,c_,z_] := Hypergeometric2Fl [a,b , c , z] ; 
KK[r_] := (Pi/2)Hypergeometric2Fl [1/2 , 1/2 , 1 , r*r] ; 
myTmp [a_ ,b_ , c_ ,x_] : =( (l-x*x) " (c-a-b) ) * 

H2F1 [c-a, c-b , c+l-a-b , l-x~2] /H2F1 [a, b , c , x~2] ; 
QM[A_,BJ : = 

Module [{b=Arg [B] /Pi , c= (Pi-Arg [A-l] +Arg [B] ) /Pi//Simplif y , 
a=l- (Arg [A-l] -Arg [A-B] ) /Pi//Simplif y ,L,r,t,f ,x, init} , 
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L=Beta [c-b , 1-a] /Beta [b , c-b] *Exp [I* (b+l-c) *Pi] ; 
f [x_] :=myTmp[a,b,c,x]-Re[(A-l)/L] ; 

r=x/ .FindRoot [f [x] ==0,{x, 10"-6} ,WorkingPrecision->50 , 
Maxlterations->50] ; 
KK [Sqrt [l-r*r] ] /KK [r] ] ; 

Do[Do[Print[ M QM[",m, M +I*",n,",I]=",QM[m+I*n,I]] , {m,l,5}] , {n,l,5}] 
(*FILE: qm4hvv.m ends *) 

This program enables one to carry out experiments with the moduli of quadrilaterals. 
The dependence of the modulus of a polygonal quadrilateral on the geometry is the 
subject of our subsequent work [DVj . |RVj . 



3 Hypergeometric functions 

Let T denote Euler's gamma function and let ^ be its logarithmic derivative (also called 
the digamma function), ^(z) = T'{z)/T(z). By |Ahl p. 198] the function \1/ and its 
derivative have the series expansions 

1 oo oo 

(3-1) = -7 - - + £ -j 1 —, , V{z) = £ 



z ^— ' n(n + z) ' ' (n + z) 2 ' 

n=l ' n=0 y 

where 7 = — \l/(l) = lim n ^ 00 (^^' =1 l//c — logn) = 0.57721. . . is the Euler-Mascheroni 
constant. From (13.1 ft it is seen that $ is strictly increasing on (0, 00) and that \&' is 
strictly decreasing there, so that \& is concave. Moreover, \I/(z + 1) = ^Sf(z) + 1/z and 
= - 7 -21og2, see [S3 Ch. 6]. 
For all z £ C \ {0, —1, —2, . . .} and for all n G N we have 

(3.2) T(z + n) = (z,n)T(z), 

a fact which follows by induction [WWl 12.12]. This enables us to extend the Appell 
symbol for all complex values of a and a + t, except for non-positive integer values, by 

(3.3) (M)= ___ 

Furthermore, the gamma function satisfies the reflection formula |WWl 12.14] 

(3.4) T(z)T(l-z ~ 



sminz) 



for all z ^ Z. In particular, T(|) = y/n. 

The beta function is defined for Rex > 0, Key > by 

(3.5) fl(l , w) = J rV'(i-«r'««=^g. 

We use the standard notation for contiguous hypergeometric functions (cf. |R1] ) 
F = F(a, b; c; z), F(a+) = F(a + l,6;c; z), F(a-) = F(a - 1,6; c; z) , 
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etc. We also let 

v = v(z) = F , u — u(z) = F(a—) , v\ = V\(z) = v(l — z) , and u\ = U\{z) = u(l — z) . 

The derivative of F can be written in the following several different forms which will be 
useful in deriving the fifteen important Gauss contiguous relations |Rlj 



dv dF 

dz dz 



(3.6) 



-(F(a+) — F) = h -(F{b+) -F) = — (F(c-) - F) 

£/ A/ A, 

ah 



F(a+,b+;c+) 



c 1 — z 

(c — a)u + (a — c + bz)v 
z(l-z) 



/ 7 \ n ( C _ a )( C _ b) _,, . 

(a + b - c)F + -F(c+) 



and 
(3.7) 



du dF(a- 

dz dz 



(o-l) F{c+] 



a - 1 



(v — u) . 



In particular, from (13.61) it follows that (cf. |AQ VV , Theorem 3.12 (3)]) 

(3.8) - z)F(a + 1, b + 1; c + 1; z) = (c - a)u(z) + (a - c + 6«)u(z) . 

The behavior of the hypergeometric function near z = 1 in the three cases Re (a + 6 - 
c) < 0, a + 6 = c, and Re (a + 6 — c) > 0, respectively, is given by 



(3.9) 



f F(a b'c-1) = r(c)r(c - a ~ b) 

B(a, b)F(a, b;a + b;z) + log(l - z) = R(a, b) + 0((1 - z) log(l - z)) , 
F(a, 6; c; z) = (1 - zf- a - b F(c - a,c-b;c;z) , 



where R(a, b) = — ^(a) — ^(b) — 27. The above asymptotic formula for the zero-balanced 
case a + b = c is due to Ramanujan (see [Bej). This formula is implied by |ASl 15.3.10]. 
Note that i?(|, \) = log 16. 

For complex a, b, c, and z, with |z| < 1, we let 

(3.10) M(z) = M(a, b, c, z) = z{\ - z) (vx(z)^ - v(z)^- 



dz 



dz 



From ( 13. 6j) it is easy to see that 

(3.11) M = (c- a)(uv 1 +uiv) + (2(a- c) + b)vv 1 

= (c — a){uv\ + u\v — vvi) + (a + b — c)vvi. 

It follows from |AQVVj Corollary 3.13(5)] and (E3D that 

1 — a sin(7ra) 



(3.12) 



M(a, 1 — a, 1, r) 



r(a)r(2-a) 
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7T 



for < a < 1 and < r < 1. In particular, we get the classical Legendre relation ( |AARj . 
(3.13) M(l/2, 1/2,1, r) 



7T 



The next result generalizes |AQ VV , Theorem 3.9]. 



3.14. Theorem. For < a, b < c, let the function f be defined on [0, oo) by f(x) = 
F(a, b;c;l — e~ x ) and let g(x) = f(x) exp(— (a + b — c)x). Then f and g are increasing, 
with /(0) = g(0) = 1. Ifa+b > c, then /(oo) = oo. Ifa+b = c, then /(oo) = g(oo) = oo. 
If a + b < c, then /(oo) = B(c,c — a — b)/B(c — a, c — 6) and g{po) = oo. Moreover, 
h(x) = f'(x)e~ x( - a+b ~ c ' ) is also increasing, with h(0) = ab/c and h(oo) = T(c)T(a + b+ 1 — 
c)/(r(a)r(6)) or h(oo) = oo according asa + b+ l>cora + b+ l<c. 

Proof. The assertions /(0) = g(0) = 1 and that / is increasing, so that if a + b < c, 
then g is increasing, are all clear. In the three cases, a + b<c,a + b = c and a + b > c, the 
limiting values at oo are clear by (13.91) . Next, by (13. 9ft . g(x) — F(c — a, c — b; c; 1 — e~ x ), 
which is clearly increasing. Next, by differentiation, 

c/(ab)f(x) = e~ x F(a + 1, b + 1; c + 1; 1 - e~ x ) . 

Hence, by 



c/(ab)f{x) = (e- x )( e - x(c - a - 6 - 1) )F(c-a,c-6;c + l;l-e- x ) 
= e x{a+b - c) F(c-a,c-b;c+l;l-e- x ), 

so that h(x) = (ab/c)F(c — a, c — b; c + 1; 1 — e~ x ), which is increasing, with boundary 
values h(0) = ab/c, and by (13. 9p and (13.21) . 

,, , . L/ N r(c+l)r(a + 6 + l-c) T(c)T(a + b+l~c) 
h{oo) = {ab/c) 



r(a + i)r(6 + i) r(a)r(6) 

if a + b + 1 > c, and = ooifa + 6 + l<c. □ 



3.15. Theorem. For a,b,c,d > 0, with a + b > c > max{a,b} , let the function f 
be defined on [0, oo) by f(x) = F(a, b; c; 1 — (1 + x)^ 1 ^), and let 

g(x) = (1 + z) ((<=+<*)-(<*+&))/ Y(x) . 

Then g is increasing, with 

ah , . , (a + b — c)T(c)T(a + b — c) 
g(0) = - and g(oo) 



cd ^ ' dT(a)T(b) 

Proof. With u = 1 - (1 + x)- 1 ^, by and (13~9]) . 

= ^(i + x )-i-(V«0 F ( a + i 6 + i ;c + i ;u ) 
cd 

= -(1+ x f/<D(*+b-c-d) F ( c _ c _ b . c + 1; u) 

cd 
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so that g(x) = (ab/ (cd))F(c — a, c — b; c + 1; u), which is clearly positive and increasing. 
The boundary value g(0) = ab/(cd) is clear, while the value of g(oo) follows from (13.91) . 

□ 



3.16. Remark. (1) With c = a + b, Theorem 13 . 141 reduces to |AQ VV Theorem 3.9]. 
(2) For a + b = c + d, Theorem 13.151 reduces to |AQ VV Theorem 3.10.]. 



0.3, ^ , 0.6, 



.15 




0.5 



0.5 1 



0.4 




0.5 1 



0.5 1 



Figure 3: (1) M(0.5, 1.0, 2.0, •), (2) .M (0.5, 1.0, 1.5, ■), (3) M(0.5, 1.0, 1.0, 



3.17. Theorem. For positive constants a,b,c, the restriction to (0, 1) of the contin- 
uous function M. in A3.10\) has the following properties. Denote M.(x) = A4(a, b, c, x). 

(1) M{x) = M(l - x) > for all x G (0, 1). 

(2) If a+b < c, then A4(x) is bounded and extends continuously to [0, 1]. In particular, 
if a + b = c = I, then A4(x) equals the constant sin (to) /V. 

(3) If a + b > c, then M is unbounded on (0, 1), with M(0+) = M(l—) = oo. 

(4) If a + b < c < a + b + 1, then 

lim x a+b ~ c M(x) = lim (1 - x) a+b - c M(x) = L^ T ( a + b + 1 ~ c ) 



(5) If a + b + 1 = c, then 
M{x) 



.r — 1- 



lim 



lim 



M(x) 



T(a)T(b) 
a + b 



^0+ xlog(l/x) x-*l- (1 - x) log(l/(l - x)) B(d,b)' 

(6) If a + b + 1 < c, then 



lim 



M(x) 



lim 



x-*0+ X 

(7) If a + b > c, then 



lim x a+b - c M{x) = lim (1 - x) a+t >- c M{x 

x^0+ x^l— 



M(x) ab(2c — a — b — l)B(c,c- a — b) 
i- 1 — x c(c — a — b — l)B(c — a,c — b) 

(a + b — c)B(c, a + b — c) 



B(a,b) 
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Here 



Proof. (1) From (j33J and fEUOl) . we get 

^ = abx ^ ~ ^ (F(a + 1, b + 1; c + 1; aWl - g) 

c 

+F(a + 1, 6 + 1; c + 1; 1 - x)v(x)) 
= G(x) + H(x) > . 

= a6x(1 ~ X) F(a + 1, b + 1; c + 1; - x) 



and 



H{x) = ahx<Kl ~ X ^ F(a + 1, b + 1; c + 1; 1 - x)«(rr) = G(l - x) 
(2) First, if a + 6 < c, then from (JUSD and fETTOL 

A<(0+) = .M(l-) = (c - a)u(l) + (a + b - c)v(l) = . 
Next, if a + b = c, then from 1ET5II . G(0+) = and 



H(x) = ah{l c X) F( Q , 6; a + 6 + 1; 1 - x)v(x) , 



so that H(0+) = (ab/c)F(a, b; a + b + 1; 1). Next, #(1-) = and 

abx 

G(x) = F(a, b; a + b + 1; xWl — x) , 

c 

so that G(l-) = (ab/c)F(a, b; a + b + 1; 1). Thus, 

.M(0+) = .M(l-) = {ab/c)F(a, b; a + 6 + 1; 1) = 1/5 (a, 6) . 

(3) Let a + b > c. Then 

H(x) = — (1 - x)x c - a - b F(c - a, c - 6; c + 1; 1 - x)v(x) , 
c 

so that if (0+) = oo. Similarly, ) = oo. 

(4) By USD, 

— - X(ar) = x(l-x)F(a+l,& + l;c+l;x)F(a,6;c;l-x;) 

tit/ 

+x c ~ a - fe (l - x)F(c - a, c - b; c + 1; 1 - x)F(a, 6; c; x) 

so that the result follows by (1). 

(5) By (ED, 

cM. (x) 

= x(l-x)F(a+l,b + l;c+l;x)F(a,b;c;l-x) 



abx log(l/x) 



1 — x 

+ — 7- , r F(a + 1, 6 + 1; c + 1; 1 — x)F(a, b; c; x) , 
log(l/x) 
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so that the result follows from (1) and (13.9 
(6) By (|£H|), 



cM(x) 
abx 



so that by (1) and (13.91) . 



(1 — x)F(a + 1, 6 + 1; c + 1; x)F(a, 6; c; 1 — x) 
+ (1 - x)F(o + 1, 6 + 1; c + 1; x) , 



lim = lim A^(x)/(1 — x) 



a6 / B(c,c — a — b) B(c + l,c — a — b — 1) 



c \-B(c — a, c — 6) B(c — a,c — b) 

ab(2c — a — b — 1) B(c, c — a — 6) 
(c(c — a — 6 — 1) 5(c — a, c — 6) 

(7) By tfSD, 

-^x a+6_c .M(x) = x(l -x)F(a+ 1,6 + l;c+ 1; x)F(a, 6; c; 1 -re) 
+ (1 — x)F(c — a, c — 6; c + 1; 1 — x)F(a, 6; c; x) 

so that by (1) and ( 13.91) . 

lim x a+b - c M{x) = lim (1 -x) a+b - c M(x) 

ah 

= — F(c — a, c — 6; c + 1; 1) 
c 

abB(c+ 1,0 + 6 + 1 — c) 
c~ B(a + 1,6 + 1) 
(a + 6 — c)B(c, a + 6 — c) 



B(a,b) 



□ 



3.18. Lemma. The function M. in $3.10\) satisfies the differentiation formula 

dM(a,b,c,z) 1 /. , r/i . . . . . . 

tfe = z (\ _ i) ( (c ~ «)[(! ~ c + (a + & - l)z)u{z)v x {z) 

+ (— a — 6 + c+(a + 6— 1)2)1*1(2)1; (2)] 

+ (1 - 2z)[(c - a) (a + 26 - 1) - 6>(z)i; 1 (z)) . 

Proof. Denote .D = d/dz. Then, by ( 13. 6j) . ( 13. 7ft . and the chain rule, we get 

zDu = (a — l)(v — u), z(l — z)Dv = (c — a)u + (a — c + bz)v 
(1 — z)Du\ = (1 — a)(t>i — iti), -2(1 — z)Dv\ = — ((c — a)ixi + (a — c + 6(1 — z))i>i). 
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Hence, by the product rule, after simplification, we get 

z(l — z)D(wj) = — (c — a)uu\ + (a — 1)(1 — z)v t>i + ((1 — a) (1 — z) + (c — a — 6(1 — z)))^, 
z(l — z)-D(miu) = (c — a)uu\ + (1 — a)zvvi + (a — c+ (a + b — l)z)uiV, 

and 

z(l — z)D(vvi) = (c — a)(wi — Mxf) + b{2z — l)?^. 
Substituting these we get 

z(l — z)DA4(a,b,c,z) = (c — a)[(l — c+ (a + b — l)z)uvi 

+ (— a — b + c+(a + b — l)z)u\v] 
+ {l-2z)[(c-a)(a + 2b-l)-b 2 }vv 1 . □ 

3.19. Remark. If we put c = a + b = lin Lemma 13.181 above, then we get the 
familiar fact that 

d , 

— A^(a, 1 - a, 1, 2) = 0. 

dz 

We also observe that DM(a, b, c, 1/2) = 0. 



4 Generalized elliptic integrals 

The following two important Theorems. I4.ll and l4.3l are indispensable in simplified proofs 
for monotonicity of the quotient of two functions. The first one, called L'Hopital's Mono- 
tone Rule, appears in [AVV, Theorem 1.25], while a more general version of the second 
one appears in [BKj and |PV[ Lemma 2.1]. 

4.1. Theorem. Let —oo<a<b<oo, and let f, g : [a, b] — > R be continuous 
on [a,b], differentiable on (a,b). Let g'(x) ^ on (a,b). If f'(x)/g'(x) is increasing 
(decreasing) on (a,b), then so are 

M - f(a) and fix) - fib) 
g(x)-g(a) g(x)-g(b)' 

If f'(x)/g'(x) is strictly monotone, then the monotoneity in the conclusion is also strict. 



4.2. Lemma. Let {a n } and {b n } be real sequences with b n > for all n. If the 
sequence {a n /b n } is increasing (decreasing), then 

n 

T n = }Xn - k)(a n - k b k - a k b n _ k ) 

k=0 

is positive (negative) for n = 1,2,.... 
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Proof. It is enough to prove the case {a n /b n } is increasing, since the other one is 
similar. Clearly 

Ti = a x b - aoh = b bi ( - 7^ ] > 0. 



h b 



Let n > 2. First let n = 2m be even. Then 

2m 



T„ = T 2m = ^(2m - k)(a 2m -kbk - Qfc^m-fc) 

fc=0 
2m- 1 

= ^ (2m - k)(a 2m -kbk - akb 2m -k) 

k=0 

m—l 

= ^2(2m - k)(a 2m -kbk - a k b 2m -k) + 

k=0 

2m-l 

+ ^ (2m-fc)( d2m-kbk — Q-kb 2 m-k) 

k=m+l 

m—l 

= 5^ ~~ ^ ( a 2m-kb k - dkhm-k) 

k=0 

m—l 

+ ^ k(a k b 2m _ k — a 2rn _ k b k ) 
k=i 

m—l 

= 2m(a 2rn b - a b 2m ) + J^(2m - 2k)(a 2m _ k b k - a k b 2m _ k ) 

k=i 

= 2mb b 2m I ^ - ) + Y](2m - 2k)b k b 2m ^ k ( _ ^* J 

\ & 2m 00/ ^ \ & 2m-fc fc / 



Next, let n = 2m + 1 be odd. Then 

2m+l 



T n = ^ (2m + 1 - k)(a 2m+l _ k b k - a k b 2rn+1 _ k ) 

k=0 

2m 

= ^(2m + 1 - k)(a 2m+ i_ k b k - a k b 2m+1 - k ) 

k=0 

m 

= (2m + l)(a 2m+1 b - a 6 2m+1 ) + J^(2m + 1 - k)(a 2m+1 ^ k b k - a fe 6 2 m+i-fc) 

fc=i 

2m 

+ ^2 ( 2m + 1 ~~ k )( a 2m+i-kbk ~ akb 2m +i-k) 

k=m+l 

m 

= (2m + l)(a 2m+ i& - a o 2m+ i) + J^( 2m + 1 ~ k)(a 2m+1 _ k b k - a k b 2m+1 _ k ) 

i 

m 

+ ^ k(a k b 2m+ i_ k — a 2m+ i_ k b k ) 



k=i 



k=i 
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(2m + l)(a 2m+ i6 - a b 2m +i) + ^(2m + 1 - 2k)(a 2m+1 - k b k ~ dkhm+i-k) 

fc=i 



(2m + l)(6o6 2m+l, 



m , v 

+ V(2m + 1 - 2A;)& fc & 2m+1 _ fc ^±iz^ - £ ) > 0. □ 

4.3. Theorem. Lei X^o anXn an< ^ 2~2^=o^nX n be two real power series converging 
on the interval (—R,R). If the sequence {a n /b n } is increasing (decreasing), and b n > 
for all n, then the function 

n=0 a n X 
Z^n=0 Undj 

is also increasing (decreasing) on (0,R). In fact, the function f'{x) (Y^ =0 b n x n ) 2 has 
positive Maclaurin coefficients. 

Proof. 

too \ ^ oo oo oo oo 

b n x n J = b n x n nanX 11 ' 1 - a n x n ^ nb n x n ~ x 
n=0 / ra=0 ra=0 n=0 n=0 

oo / n \ 

= (1/x) ^2 I ~ k)(a n _ k b k - a k b n _ k ) J x n . 

n=0 \fc=0 / 

The result follows from Lemma [4.21 □ 

The following theorem solves the corresponding problem in the case where we have a 
quotient of two polynomials instead of two power series. 

4.4. Theorem. Let f n (x) = J2k=o akxk an d 9n(x) = J2k=o^kX k be real polynomials, 
with b k > for all k. If the sequence {a k /b k } is increasing (decreasing), then so is the 
function f n (x)/g n (x) for allx > 0. In fact, g n f' n — fng' n has positive (negative) coefficients. 

Proof. We prove the increasing case by induction on n. The proof of the decreasing 
case is similar. Let first n — 1. Then 

fi(x) _ Qq + a\x 
9i{x) bo + hx' 

Hence 

9if[ ~ hg'i = (b + 6ix)ai - (a + a x x)bx 
= ai&o — a ob\ 

-•*(M)> tt 
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Next, assume that the claim holds for all k < n. Now 

/n+iQ) _ fn{x) + a n +ix n+l 
9n+i (x) g n (x) + b n+1 x n+1 ' 

We get 

9n+lfn+l - fn+lQn+l = (9n + b n+1 X n+l ) (f' n + (n + l)a n+1 X n ) 

-Un + a n+1 x n+1 )(g' n + (n+ l)b n+1 x n ) 
= (9nfn ~ fn9n) + ( n + l)x n (g n a n+1 - f n b n+1 ) 
+x n+1 (b n+ if' n — a n+ ig' n ) 



x k 



(Qnfn ~ fng' n ) + ijl + l)x n ^(a n+ i& fc - b n+1 CL k ) 

k=0 

n 

+x n+1 k( a kK+i - b k a n+1 )x k ~ 1 
k=i 

n 

fan f'n ~ fng'n) + + 1 ~ k)(a n+1 b k - b n+1 a k )x 

k=0 

{.9nf n ~ fng'n) + + 1 ~ k)b k b n+1 ( - y 

fc=0 ^ n+1 k - 



x n+k . 



Hence each coefficient is positive. □ 



4.5. Lemma. Let a,b,c, K > 0. 

(1) If a + b > c, then fJ, a ,b,c '■ (0, 1) — > (0, oo) and (p a ^ ,c : (0, 1) — > (0, 1) are decreasing 
and increasing homeomorphisms, respectively. 

(2) If a + b > c, then the function f(r) = (r /r') 2 ( a+h ~°> fj, aj i, )C (r) is decreasing from 
(0, 1) onto ((B(a, b) 2 )/(2B(c, a + b-c)), B(c, a + b- c)/2). 

(3) If a + b > c and K > I, then 

r<# c (r)<X 1 /(2(«+6- C )) r . ) 

for all r G (0, 1). 

(4) If a + b < c, then fi a ,b,c '■ [0,1] — > [B(a,b)/(2d), B(a,b)d/2], is a decreasing home- 
omorphism, where d = F(a, b; c; 1) is given by 113. 9\) . In this case, tp^ ' c is defined if and 
only if K > 1. If K > 1, then if^f ,c maps [0, 1] onto a proper subset of [0, 1]. 



Proof. (1) Since a,b,c > and a + b > c, it follows from (13.91) that the function 
F(a,b;c;r) is an increasing homeomorphism of [0,1) onto [1, oo). Hence the function 
strictly decreasing homeomorphism (0, 1) — > (0, oo). The assertion about (p% '° 
follows from these facts. 

(2) From CT> . 

j.,, _ B(a, b) F(c — a,c—b;c; r' 2 ) 
2 F(c — a,c — b;c; r 2 ) ' ' 
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which is decreasing with required limiting values at and 1. 

(3) With s = y^' c ( r ) > r, from (2) we get 

f(s) = (s/s') 2 ^ +b - c ^ aAc (s) = {s/s')^ a+b - c ^ aM {r)/K 
< fir) = (r/r') 2(a+fc - c Va Ac (r) , 

so that 

( a / a /)2(«+6-c) < K (r/r') 2i > a+b ~ c \ 
which gives s/s' < K l ^ 2<ya+b ~ c ^r /r' . Hence 

r < s < K l l^ a+b -^r(s'/r') < ^( 2 (»+N) r . 

(4) For a,b,c > and a + b < c, ( 13.91) implies that F(a, b; c; r) is an increasing 
homeomorphism [0,1] — ► [1, F(a, b; c; 1)]. Now the claim follows from ( 11 .3ft and (11.51) . 
□ 




Figure 4: (1) /i .5,o.5,i, (2) /io.1,1.1,1, (3) ^2.5,1.5,2, (4) ^oi,o.5,i> ( 5 ) /%i,i.i,i> 

fc\ -1 fn\ 0.5,0.5,1 , Q \ 0.1,1.1,1 / n \ 2.5,1.5,2 

(6) ^2.5,1.5,2, ( 7 ) Vl.5 > ( 8 ) ^2.5 , (9) ^3.5 ■ 



The function fi a ,b,c is a natural generalization for the function /i a in |AQVV[ (1.3)]. 
Namely, 

B(a, l-a)F(a, l-a;l;r' 2 ) 

(4-6) /i a ,i-a,i (r = — —— = lia (r), 

2 t 1 [a, 1 — a; 1; r^) 
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since by Q and fl3~5l) . 

T(a)r(l-a) 7T 



B(a, 1 — a) 



T(l) sin(7ra) 
Clearly (Q and ([USD im ply the identities (cf. |AQVVj (4.8), (4.9)]), 



B(a,b) 
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(4-8) ^L(x) 2 + c (y) 2 = 1 , 

where x, y > with = (B(a,b)/2) 2 , and 

(4.9) # c (r) 2 + ^ c (r') 2 = 1 . 
Moreover, from (11.31) and (13. 9ft we get, for c < a + b, 

(4.10) r /2(c ~ a - V,6,c(r) = r 2 ( c - a -V_ a , c _ b , c (r) , r G (0, 1) . 



4.11. Lemma. Let f be a bijection from a real interval I onto (0, oo) and let g be 
defined on I by g(x) = af(x), where a > is a constant. Then for each constant K > 0, 
we have 

f-\Kf(x))=g-\Kg(x)). 

Proof. Let u = f~\Kf(x)). Then f{u) = Kf(x), so that af(u) = aKf(x), that 
is, g{u) = Kg(x). Hence u = g~ 1 (Kg(x)). □ 

4.12. Remark. For a, b, c > with a + b > c, K > 0, and r G (0, 1) denote 

_ F(a,b\ c; r' 2 ) 
^ bAn F(a,b;c;r*) 

and 

By Lemma 14.111 we see that 

~a,b,c/ \ a,b,c / \ 

<Pk ( r ) = ( r ) • 



4.13. Remark. Observe first that lim c _,. 0+ B(a, c — a) = oo and T(c — a)(c — a,n) = 
T(c — a + n), which tends to T(n) = (n — 1)!, asc-> a+. 

(1) lim c ^ a+ (3C ajC (r) - (B(a, c - a)/2)) = log(l/r'). 

(2) lim c _ a+ (£ a , c (r) - (2J(a, c - a)/2)) = log(l/r') - (| E^=i ■ 

In particular, for each fixed r G (0,1) all the three functions 3C ajC (r), £ ajC (r), and 
£a,c( r ) — r ' 2 3^a,c( r ) tend to oo as c — > a+. 
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4.14. Theorem. The following differentiation formulae hold: 

(4.15) = 4f ((c - «)£a,6, c + (&r 2 + a - c)3C a , 6 , c ) , 

(4.16) ^ = (3C a , v - £ a , 6 , c ) , 

dr r 

(4-17) ^(KaAc-fi^) = ^2 (((c- «)-(!- «y 2 )£ aA 



+ ((a + 6)r 2 -c + r' 2 )3C aAc ) 



(4.18) x (£a,6, c - r' 2 X aM ) = -((1 - c)£ aAc + (c - 1 - (6 - l)r 2 )X aAc ) 
d , . S(a,6)A^(a,6 )C ,r 2 ) B(a, 6)lM(r 2 ) 



dr mcy ' rr /2 w ( r 2)2 4rr' 2 DC 2 ' 

A<(a,6,c, a 2 ) ds = 1 ss' 2 v{s 2 ) 2 = 1 ss' 2 X(s) 2 = aM 
[ ' ' M(a,b,c,r 2 )dr K rr' 2 v(r 2 ) 2 K rr' 2 X{r) 2 ' $ Vk [T> ' 

Proof. From (13.61) 

dF (c — a)w + (a — c + te)t> 
dz z(l — z) 

Put z = r 2 and multiply both sides by B(a, b)/2 . This gives (14. 15ft . 
For (14TT6D recall that by (15771) 

du (a — 1) . 
— = (u-u). 

dz z 

Put z = r 2 and multiply both sides by B(a, b)/2 . This gives ( 14. 16ft . 
The formulae (IQTjl and lOBj) follow from 105) and (Offll . 
From (13.101) . putting z = r 2 , we get 

2 2 f2 dfi f 2 ^ 3 n/ . 2 f 1 



so that 

d/i 5(a,6) 3 .M(r 2 ) 



dr 4rr /2 3C 2 
Denote s = ^ b,c (r). Then by (11 . 5 p 

so that 

d , . ds Id 
d^' c(s) d7 = J?^ c(r) 
Now fODl) follows from (Q51) . □ 
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4.21. Lemma. (cf. [AQVV_, Lemmas 5.2 and 5.4]) For < a, b < min{c, 1} and 



c < a + b , denote % = % a ,b,c and £ = £ a ,ft, c - Then the function 

(1) fi(r) = (3C — £)/(r 2 3C) is strictly increasing from (0, 1) onto (b/c, 1). In particular, 
we have the sharp inequality, 

b X-E 
c < ~7 2 %~ < 

for all r G (0, 1). 

(2) f'2{r) = (£ — r' 2 %)/r 2 has positive Maclaurin coefficients and maps (0, 1) onto 
(B(a,b)(c-b)/(2c),C), where 

c _ B(a,b)B(c,c+l-a-b) 
2B(c+l - a,c-b) 

(3) fs(r) = r'~ 2(c+1 ~ a ~^£ has positive Maclaurin coefficients and maps [0, 1) onto 
(S(a,6)/2,oo). 

(4) fi( r ) — r' 2<ya+h ~ c?, % has positive Maclaurin coefficients and maps [0, 1) onto 
[B(a,b)/2,B(c,a + b-c)/2). 

(5) fs{r) = r'~ 2 £ has positive Maclaurin coefficients and maps [0, 1) onto 
[B(a,b) /2,oo). 

(6) f%ij) = r' 2 % has negative Maclaurin coefficients, except for the constant term, 
and maps [0,1) onto (0, B(a, b)/2]. 

CO ,M r ) = ^ has positive Maclaurin coefficients and is log- convex from [0, 1) onto 
[B(a, b)/2, oo). In fact, (d/dr) (log 3C) also has positive Maclaurin coefficients. 

(8) f%(r) = (£ — r' 2 %)/ [r 2 %) is strictly decreasing from (0, 1) onto (0, 1 — (b/c)). 

(9) /g(r) = {% — £)/(£ — r' 2 %) is strictly increasing from (0, 1) onto (6/ (c — 6), oo). 
f-^j /io( r ) — — -B(a, b)/2)/ log(l/r') zs strictly increasing from (0,1) onto 

(abB(a, b)/c, D), where D = 1 if c = a + b and D = oo if c < a + b. 

(11) /n(r) = (B(a 1 b)/2 — r' 2 'X)/r 2 has positive Maclaurin coefficients and maps (0,1) 
onto (5(a,o)(c-a6)/(2c),5(a,6)/2). 

fi^J /12O") = (% — B(a, b)/2)/(r' 2 ^ c ~ a ~ b ' — 1), fora + b > c, is strictly increasing from 
(0,1) onto (o6S(a,6)/(2c(o + 6 -c)),S(c,a + 6 -c)/2). 

/i3( r ) = ((1 — a — (o — c)r 2 )£ — (1 — a)r /2 3C)/r 2 /ias negative Maclaurin coefficients, 
except for the constant term, with 

/ia(0+) = (c+l-a)(c-6)S(a,6)/(2c) 

and / 13 (1-) = (c + 1 - a - 6)£(1). 

fn(r) = (c — a)£ — (6 — a)r' 2 % has negative Maclaurin coefficients, except for 
the constant term, and maps [0, 1] onto [C, D], where 

C=(c- a)£(l) and D = (c - b)B(a, b)/2. 



Proof. (1) From (133 



dF(a ) (a — 1) , „. .x (a — 1)6 „. , , 

) 1 = (F - F{aT)) = F(a, b + 1; c + 1; * . 

dz z c 
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Putting z = r 2 and multiplying by B(a, b)/2, we get 

%-E bB(a,b) 



r 2 2c 

Hence 



F(a,b + l;c+ l;r 2 



j , * _ b F(a,b + l;c+ l;r 2 ) 
c F(a, b; c; r 2 ) 

Thus /i(0) = b/c. The ratio of the coefficients of the numerator and denominator equals 

b (a, n)(b + 1, n)(c, n) bb + n c b + n c — b 

c(c+ l,n)(a,n)(b,n) c b c + n c + n c + n 

which is increasing in n. Hence the result follows from Theorem 14. 31 The limit /i(l— ) = 1 
follows from ( 13. 9ft . 

(2) From (JUSD and (|377j) . we get 

d J^=l = <iz22( F - F (a -)) = („ - l)(F + ^F(c+)) . 

az z c 

Hence putting z = r 2 , we get 

_^ = X + ^ > 1 ; F(a, 6; c + 1; r 2 ) . 

2c 

Thus, 

(e-W) 
2c 

which proves the assertion. The limiting values follow from ( 13.91) . 

(3) By (O, 



h(r) 



B(a,b) F{a - l,6;c;r 2 ) 

2 r /2(c+l-a-6) 

^ o F ( c + 1 - a, c - &; c; r 2 



and the result follows. 
(4) By (O, 



U(r) = ^r' 2 ^F(a,b;c;r 2 ) 
= ^F(c-a,c-b;c;r% 

and the result follows. 
(5) By (ED 

MO = - !. ^ c - ^) = ^T^ 1 " + 1 - «, c - 6; c; r 2 ) , 

which is a product of two Maclaurin series with positive coefficients, hence the result. 
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(6) We have that 



f 6 (r) = £(r) - (£(r) - r' 2 X(r)) 



Hence, by (2), fe(r) — B(a,b)/2 has all Maclaurin coefficients negative. 

(7) The positivity of Maclaurin coefficients and the limiting values are clear. Next, 
by (I4.15p . after simplification, we get 

d, «r 2r /. , ,„„ (c - a)(£ - r' 2 X)\ 

which has positive Maclaurin coefficients by (2) and (6). 

(8) fs(r) = 1 — /i( r ); so that the result follows from (1). 

(9) /g(r) = fi(r)/ f 8 (r), hence the result follows from (1) and (8). 

(10) The ratio of the coefficients equals 

B(a,b)(a,n)(b, n) = 
(c, n){n — 1)! 



say. Then 

T n+1 (a + n)(b + n) 



> 1 



T n (c + n)n 

so that the monotonicity follows from 14.31 The limiting values follow from (13.91) . 
fn{r) 

r> I .1. ^ ^ 



X- 


X-B/2 






ab 


!( 


1 - — + 



n=l 



[a, n) (6, n) n (a + n)(b + n) 2n N 



(c, n)n\ (c + n) (n + 1) * 

which has all coefficients positive. The limiting values are obvious. 

(12) The ratio has the indeterminate form 0/0 at r = 0. The derivative ratio equals 

abB(a,b) F(a + 1, b + 1; c + 1; r 2 ) abB(a ) b) 



2c(a + b-c) r /2(c- a -6-i) 2c(a + b 

by (13.91) , and so the result follows by Lemma 14.11 
(13) From and fl3~7D 



-F(c — a, c — b; c + 1; r 



dF{a - ] 1 ^ - 1 + b - c)F(q-) + (C + 1 ~; )(C " h) F(a-, c+, 

(F — F(a—)) . 



dz 1 — z 

{a -I) 



z 

Multiplying by z(l — z)B(a, b)/2, we get 

(c + 1 — a)(c— b) , .B(a,b) , w w „ 

z(a - 1 + b - c)£ + ^— J -zF(a-, c+) V ; = (a - 1)(1 - z)(9C - £) . 

c ^ 

With z = r 2 this yields the result. 

(14) In the Gauss contiguous relation in [Rl[ Exercise 21(9), p. 71], if we change z to 
r 2 and multiply by B(a, b)/2, then we get fu(r) = ((c — b)B(a, b)/2)F(a, b — 1; c; r 2 ), so 
that the assertions on the coefficients follow. The limiting values are clear. □ 
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4.22. Remark. In the classical 6=1/2 and c = 1, the boundary values 

in the above result 14.211 (13) reduce to /i3(0+) = 3n/8 and /i3(l— ) = 1, showing that 
the above result is quite sharp. 



4.23. Theorem. Let < a < c < 1, b = c - a, R = R(a, c - a) = -*(a) - %f(c - 
a) — 27, and B = B(a,c — a). Then 

(1) The function f(r) = % a ,c{ r ) + logr' has negative Maclaurin coefficients, except 
for the constant term, and maps [0, 1) onto (R/2, B/2]. 

(2) The function g{r) = 3C ajC (r) + (l/r 2 )logr' has positive Maclaurin coefficients 
and maps (0,1) onto ((B — l)/2,R/2) if a,b E (0,1), while it has negative Maclaurin 
coefficients and maps (0, 1) onto (R/2, (B — l)/2) if a,b E (1, 00). 

(3) The function h(r) = r 2 % ac (r)/ log(l/r') is strictly decreasing (respectively, in- 
creasing) from (0, 1) onto (1, B) if a,b E (0, 1) (respectively, onto (B, 1), if a,b E (1, 00) ). 

(4) The function k(r) = 0C a)C (r)/ ' \og((e R / 2 )/r') is strictly decreasing from (0,1) onto 
(1,B/R). 



Proof. (1) That /(0+) = B(a, c-a)/2 is clear and = R(a, c-a)/2 follows 

from P^Wl Theorem 1.52 (2)]. Next, 



OO s 

2fXr) = B + Bj2[ 

n=l \ 



(a,n){b,n) _ 1\ ^ 2n 



(c,n)n\ n / 

Thus, we need to show that T n = (a,n)(b,n)/((c,n)(n — 1)!) < 1. Now 
T n+ i (a + n)(b + n) (a + b)n + n 2 + ab 



(c + n)n (a + b)n + n 2 



> 1, 



and lim^ooTn = 1 by Stirling's formula. Hence T n < 1 for all n — 1, 2, 3, . . .. 
(2) 

yv ; 2 r^o r 2 2 2 
Next, c/(r) = f(r) + (1/r 2 - 1) logr', so that g(l-) = = R/2, from (1). Next, 

2g{r) = BF(a,b;c;r 2 ) -^logy-^ 



Y — 

^ n + 1 



1 fB(a,n)(b,n)(n + l) _\ 2n 



Let 



Then 



n=0 



T 



(c, n)n! 

B(a,n)(b,n)(n + 1) 
(c, n)n! 

T ra+ i _ (a + n)(b + n)(n + 2) 
T n ~ (c + n)(n + l) 2 
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Now (a + ri)(b + n)(n + 2) — (c + n)(n + l) 2 = —(1 — ab)n — (a-\-b — 2ab), which is negative 
(positive) if a, b G (0, 1) (a, b G (1, oo)). By Stirling's formula, lim n _»oo T n = 1. Hence the 
result follows. 
(3) 

^log^ 

so that /i(0+) = -B and ) = 1 are clear. Next, 



h(r) 



oo (a,n)(b,n) „2n 



(c,n)n! 



r 



Ecx 
n 



00 1 ^,2n 



=0 n+1 



so that the coefficient ratio equals (a,n)(b,n)(n + l)/((c, n)n\), which is decreasing if 
a, b G (0,1) and increasing if a, b G (l,oo). Hence the result follows from |PVl Lemma 
2.1]. 

(4) We have k{r) = 1 + (/(r) — R/2)/\og(e R / 2 /r'). Hence the result follows from (1). 

□ 



4.24. Theorem. (1) Let < a, b < c and 2ab < c < a + b < c + 1/2. Then the 
function f(r) = r'X(r) zs strictly decreasing from [0,1) onto (0, 5(a, 6)/2]. 

(2) Let < a,b < c < a + b. Then the function g{r) = r' 2{a+b ~ c \% - £)/r 2 ftas 
positive Maclaurin coefficients and maps (0, 1) onto (bB(a, 6)/(2c), -B(c, a + 6 — c)/2). 

f5) Lei < a, 6 < 1, c = a + 6, and a(26 +1) < 6+1 < 1/a. T/ien £/ie function 
h(r) = {% — £)/log(l/V) zs decreasing from (0,1) onto (l,bB(a,b)/c). 

Proof. (1) Clearly /(0) = B(a,b)/2 and by (M . /(I) = 0. We have f(r) = 
g(r)/h(r), where 



g(r) = B(a,b)J2 



a,n)(b, n) r2n 



(c, ri)n\ 
and 



oc 



/i(r) =2j2dnr 2n 



n 1 ? 





with d = 1 and d n = (1 • 3 • . . . • (2n- l))/(2- 4- . . . • (2n)) for n = 1, 2, 3, . . .. Hence, the 
coefficient ratio equals 

£(q,6)(a,n)(M)2" 
n (c,n) ■ 1 ■ 3- ... ■ (2n- 1) ' 

Then 

T„.+i = 2(ra + l)(ra + 6) 
T n (2n + l)(n + c)' 

Now 

(2n + l)(n + c) -2(n + a)(n + 6) = n(2c+ 1 - 2a - 26) + c - 2ab > , 
so that T n is decreasing and hence by Theorem I4.3[ / is also decreasing. 
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(2) From (ES), (El and we get 

2c 2c 

Hence the assertion follows from ( 13.9!) . 

(3) As in (2), from (EH]), (EHD and (OBjl . we get 

, , . bB(a, b) r 2 F(a, b + 1; c + 1; r 2 ) 

II(t) = 

V ; c 21og(l/r') 

Writing the Maclaurin series expansion of both the numerator and the denominator, the 
ratio of coefficients equals 

_ bB(a,b) (o,n)(6 + l,n)(n + l) _ B(a,b)(a } n)(b,n + l)(n + l) 



c (c+l,n)n! (c, n + l)n! 

Hence 

r n+ i (a + n)(b + n + l)(n + 2) 



T n (c + n + l)(n + l) 2 

Then, 



\2 



(c + n + l)(n + 1) - (a + n)(b + n + l)(n + 2) = n(l - a - a6) + (1 + b - 2ab - a) > 0. 
Hence, T n is decreasing, so that the result follows by (13.91) and Theorem 14.31 □ 



4.25. Remark. Theorem 1121(3) generalizes |AQVVj Lemma 5.2 (12)]. The latter 
follows if we put c = 1 in Theorem 14.24( 3). 



4.26. Differential equations. The hypergeometric function w = F(a, b; c; z) sat- 
isfies the differential equation [Rll p. 54] 

z(l - z)w" + (c-(a + b+ l)z)w' - abw = . 

Changing the variable z to z 2 , this reduces to 

z(l - z 2 )w" + (2c - 1 - (2a + 26 + l)z 2 )w' - iabzw = . 

In particular, the generalized elliptic integrals, w = % ac {r) and w = %' ac (r), satisfy, 
respectively, the differential equations 

(4.27) rr'V' + (2c - 1 - (2c + l)r 2 )u/ - 4a(c - a)rw = , 
and 

(4.28) rr' 2 w" - (1 - (2c + l)r 2 )w' - 4a(c - a)rw = . 



In the special case c = 1 the above two equations coincide (cf. |AQVV[ (4.3)], [Ll 3.8.19 



p. 75]). Next, the generalized elliptic integrals w = £ a ,c( r ) and w = £' ac (r) satisfy, 
respectively, the differential equations 

(4.29) rr' 2 w" - (2c - l)r' V + 4(1 - a) (c - a)rw = , 
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and 

(4.30) rr'V' - (1 + (2c - l)r 2 )w' + 4(1 - a)(c - a)rw = . 

In the special case c = 1 the equations ( 14. 29ft and (I4.30[) are still different unlike in the 
case of (l4~2Tj) and (jPgjl (cf. ^ 3.8.17, p. 74 and 3.8.23, p. 75]). 



4.31. Correction. In |AQVV, (4.3), p. 14] the first differential equation has a 
symmetry property, namely, it is satisfied both by % a and %' a . However, the second 
differential equation is satisfied only by £ a , and not by £' a . The differential equation 
satisfied by w = E' a is obtained by putting c = 1 in (14.301) . Thus it is 

rr'V' - (1 + r 2 )w' + 4(1 - afrw = . 



We use the notation 

S u 

for the Schwarzian derivative. 



w"\' 1 (w" x 2 



2 V w' 



4.32. Lemma. 1R2\ p. 9] Let wi,W2 be linearly independent solutions of the differ- 
ential equation w" + p(z)w' + q(z)w = 0. Then W = u>i/u>2 satisfies the differential 
equation 

S w {z) = 2q{z)-p'{z)-p{zf/2. 



4.33. Theorem. Let < a, b < 1 and 2c = a + b + 1. Then the modulus \i = fi a 
satisfies the differential equation 

S^r) = 2q(r)-p'(r)-p(r) 2 /2, 

where 



, . 2c- 1- (4c- l)r 2 . . Aab 
P(r) = —2 » l( r ) = W ■ 



Proof. Follows immediately from Lemma 14.321 and (14.271) . □ 

4.34. Theorem. Let < a, b < 1 and 2c = a + b. Then the function v = £'/£ 
satisfies the differential equation 

S u (r) = 2q(r)-p , (r)-p(r) 2 /2, 

where 

, s 2c - 1 - (4c - l)r 2 . , 4(a- l)b 
P( r ) = 72 > ?( r ) = 72 • 
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Proof. Follows immediately from Lemma 14.321 and (14.291) . □ 



4.35. Lemma. If < a < min{c, 1} and c < a + (1/2), then the function f(r) = 
r% afi {r) / aithr is strictly decreasing from (0, 1) onto (1, B/2), where B = B(a, c — a). 

Proof. Let /(r) = g(r)/h(r), where g(r) = r% a>c (r) and h(r) = arthr. Then 
0(0) = h(0) = and 

g\r)/h'{r) = 2(c - a)£ a , c (r) + (1 - 2(c - a))(r /2 )X a , c (r) , 

which, by Lemma 14.211 (6), being a sum of two strictly decreasing functions, is also so. 
Hence, the monotonicity follows from L'Hopital's Monotone Rule, Lemma 14.11 Finally, 
/(0+) = B/2 by L'Hopital's Rule and /(1-) = g' {!-) / h' {!-) = 1, again by L'Hopital's 
Rule. □ 
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